The main obstacle in experimental realization of the Einstein-de Haas effect in a Bose-Einstein condensate is necessity of a very precise control of the extremely small (of the order of tens of µG) external magnetic field. In this paper we numerically study the response of a rubidium condensate to an optimized time-dependent magnetic field. We find a significant transfer of atoms from the initial maximally polarized state to the next Zeeman component at magnetic fields of the order of tens of milligauss. We propose an experiment in which such an optimization scheme could enable the observation of the Einstein-de Haas effect in a rubidium atom condensate.
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Alkali-metal-atom condensates typically do not behave as dipolar systems as opposed to chromium [1, 2] , dysprosium [3] , or erbium [4] condensates. This is because the magnetic dipole moment of rubidium atoms is very small. However, there are some theoretical proposals suggesting that under special conditions dipolar interactions may dominate other interactions present in the condensate, leading to the observable effects [5] [6] [7] [8] . Sometimes, according to the theory, the dipole-dipole interaction can play even crucial role in the condensate dynamics [9] .
The first experimental observation of dipolar interactions in a rubidium condensate was reported in [10] . In this experiment the decay of the spin helical structure towards spatially modulated spin domains was observed. Although this process was attributed to the dipolar interactions a theoretical explanation of the role of dipoledipole forces is still not complete [11, 12] .
The recent experiment reported in [13] follows the proposal described in Ref. [6] . According to [6] the rubidium condensate subject to an external magnetic field (of the order of tens of milligauss) with some field gradient develops the helical spin structure. This helical structure is then modulated by the very weak dipole-dipole interaction (effective magnetic field produced by the magnetic dipoles is about 10 microgauss). Larmor precession of spins around the effective magnetic field together with the movement caused by the field gradient leads to a modulation of the longitudinal magnetization and to a double peak structure in the atomic distributions. Both these effects have been observed in the experiment [13] . As numerics shows they are not seen when the magnetic dipolar interaction is turned off.
Even more spectacular, in our opinion, demonstration of dipolar interaction in alkali-metal-atom condensates would be the observation of the Einstein-de Haas effect [14] . It is, indeed, remarkable to force the gaseous media into the rotational motion with the help of the magnetic field only. Such a possibility proves the fundamental relation between the spin and the orbital degrees of freedom. In gaseous media this possibility was first investigated for chromium condensates [15, 16] . For rubidium atoms the effect was first considered in [9] . In gaseous rubidium the Einstein-de Haas effect becomes possible only because there exist resonances which amplify the transfer of atoms between different Zeeman components [9, 17] . It has been recently shown that dipolar resonances occur in chromium condensates [18] as well.
Unfortunately, in alkali-metal-atom condensates dipolar resonances occur at very low magnetic fields, typically of the order of tens of microgauss. Although such ultralow magnetic fields are already accessible at the laboratories [19] , the experiment is nevertheless demanding. It was proposed to replace the static magnetic field by the oscillating one to shift the dipolar resonance towards higher magnetic fields of the order of milligauss [20] . Here, we indicate another route. First, we suggest to use very tight traps of frequencies in the kHz range. Moreover the value of the external magnetic field should vary slowly in time. Because resonant value of the magnetic field depends on the populations of the Zeeman components involved in the process we suggest to change the external magnetic field in time in the way allowing the system to follow the static resonance conditions corresponding to the temporary value of populations. One of the advantages of our method is that the external magnetic field never crosses the zero value.
We do calculations for a rubidium spinor condensate in the F = 1 hyperfine state within the mean-field approximation. In this approximation the condensate wave function ψ(r) = (ψ 1 (r), ψ 0 (r), ψ −1 (r))
T fulfills the following equation
The effective Hamiltonian consists of three terms. The first one,
, is the singleparticle contribution including the kinetic, potential, and Zeeman energies. In this therm m is a mass of the atom, V ext -external potential (harmonic trap in our case), γ = −(1/2)µ B / is a gyromagnetic coefficient where µ B is a Bohr magneton, m F = −1, 0, 1 are Zeeman sublevels and B is an external magnetic field. The second term results from the short-range interactions between atoms, whereas the third one is the contribution corresponding to the long-range dipolar interaction. Detailed expressions for H c and H d are discussed in the Appendix A (also in Ref. [17] ).
For trap frequencies in the kHz region the single particle trap energy is the largest energy scale in the process. The two-body interaction energies, namely the contact and dipole-dipole ones, can be treated as perturbations. The dipole-dipole energy is the smallest energy scale. Dipolar interactions couple the relevant Zeeman components of atoms and lead to a spin dynamics.
Solving Eq. (1) in the case of a time-independent magnetic field reveals that the transfer of atoms between Zeeman components has a resonant character [9, 17] . The transfer occurs only within narrow intervals of the values of the external magnetic field. It happens because of the conservation of the total angular momentum and energy. The spin and orbital angular momentum contribute to the total angular momentum and are not independent but are coupled to each other. While going to the other Zeeman state the atoms acquire the orbital angular momentum. Since the orbital motion of atoms is quantized, the particular amount of energy is required for orbital motion. This energy is the Zeeman energy mainly.
To estimate the Zeeman energy (and hence the resonant magnetic field) allowing for energy conservation and the resonant transfer we can consider the single particle energy only neglecting two-body corrections. In an axial trap the single particle energies are (2n r + |m rot | + 1) ω ⊥ + (n z + 1/2) ω z , where n r , n z , and m rot are radial, axial, and rotational quantum numbers, respectively. The harmonic potential itself is characterized by the radial and axial frequencies: ω ⊥ and ω z . In our case the atoms are initially in its orbital ground state therefore up to the leading terms, the resonant values of magnetic fields (or Zeeman shifts) are related to a different final excitation energies in a trap. The resonances can be labeled by quantum numbers (n r , |m rot |, n z ). Note, that in the transfer between different Zeeman components the rotational quantum number |m rot | has to increase from zero to compensate for the spin flip of the atom. The simple estimation of the resonant magnetic field, B res is:
where g = −1/2 is the Lande factor and µ B is the Bohr magneton.
In Fig. 1 we show a number of dipolar resonances for initially polarized, m F = 1, rubidium condensate consisted of a small number of atoms strongly confined in an axially symmetric trap. The trap frequencies are of the order of a few kHz. According to the estimation of the resonant energy given in the previous paragraph, the higher trap frequencies lead to higher resonant magnetic fields. Frequencies in kHz range correspond already to the fields of the order of milligauss. However, because of the three-body losses, the initial number of atoms in m F = 1 component is limited to maximally about 100. This number of atoms corresponds to the density at the center of the trap of about 10 15 cm −3 . Each point in Fig.   1 is obtained assuming that the magnetic field is kept constant at a given value and its direction is opposite to the one at which the initial state of a condensate was prepared. Hence, negative values of the magnetic fields are displayed in Fig. 1 . The question is if for such a small number of atoms the mean field description based on the Gross-Pitaevskii (GP) equation can be used. The answer is positive. In [21] the exact dynamical solution of two interacting atoms in a harmonic trap was tested against the corresponding solution of the time-dependent GP equation. It was shown that the GP-based description gives correctly the evolution of the dominant eigenvector of the reduced one particle density matrix. Because weakly interacting condensed systems at low temperatures, as discussed here, are characterized by a single dominant orbital, the GP equations can be safely used. In Fig. 2 we plot the resonant magnetic field as a function of initial number of atoms in m F = +1 Zeeman state. The upper set of points correspond to the resonances showed in Fig. 1 . They are characterized by the following quantum numbers: m rot = 1, n r = 0, and n z = 1. The rotational quantum number equals one which means that a singly-quantized vortex is created in the m F = 0 component. Moreover, nonzero value of the axial quantum number tells us that the m F = 0 state has some spatial structure along the z direction. Indeed, in the left frame of Fig. 3 , which is the radially integrated density, two rings are visible. The right frame depicts the density pattern typical for the resonance represented by the middle set of points in Fig. 2 . The third resonance displayed in Fig. 2 (the lowest line) has even more rings in the axial direction. According to the approximate formula for the resonant magnetic field, its value for the upper resonance in Fig. 2 is given by ω ⊥ + ω z ≈ −11.4 mG and is marked by the red (most left) bullet. Solid lines in Fig. 2 approach red (most left) Now, the question is can we change in time the value of the magnetic field in such a way that the system follows any of the solid lines plotted in Fig. 2 . Indeed, it is possible as it is demonstrated in Fig. 4 . Here we show the population of the m F = 0 component while the magnetic field varies in time as B(t) = B ini − αt − βt 2 , where B ini = −7.9mG, α = 5mG/s, and β = 3mG/s 2 . After about 200 ms almost half of the atoms is transferred from m F = 1 to the m F = 0 Zeeman state. Further improvement in the transfer is possible but requires detailed analysis of the position of the dipolar resonance in the case when the nearest spin state is already significantly populated. From the point of view of the observation of the Einstein-de Haas effect it is even better to work with the spherically symmetric traps. shows that also in this case a large transfer (again almost 50%) is possible at the magnetic field of dozen milligauss. For spherically symmetric traps, similarly like for cigar-shaped traps, other kinds of resonances can be also excited. Fig. 6 proves that a significant transfer of atoms (here, more than 10%) corresponding to the resonance which is characterized by the radial excitations is also manageable (Fig. 7 shows the density and phase pattern for this case). Based on the findings discussed so far we propose the following experiment which allows the observation of the Einstein-de Haas effect in a rubidium condensate. We have seen that for tight confinement a significant transfer of atoms from m F = +1 to m F = 0 component is possible in the magnetic field of the order of tens milligauss. For that the value of the magnetic field needs to be changed in time to tune the system to the temporal position of the dipolar resonance corresponding to the transient population of m F = +1 state. The transfer to m F = 0 Zeeman state is high enough to allow the separation of various Zeeman components by using the Stern-Gerlach technique. Also the magnetic field does not cross the zero value as opposed to the methods applying the oscillating magnetic fields. To amplify the signal instead of a single trap a linear chain of several sites each confining tens of rubidium atoms should be considered. Applying the magnetic field perpendicular or parallel to the axis of a chain of microtraps and doing, after separation of components, absorption imaging along this axis one should be able to observe density patterns proving the realization of the Einstein-de Haas effect. 
FIG. 7.
Typical density in the xz plane integrated along the y direction (left frame) and the phase in the xy plane (right frame) of the mF = 0 component, corresponding to the resonance, as in Fig. 6 , characterized by the quantum numbers nr = mrot = nz = 1.
In conclusion, we have studied the dynamics of a rubidium spinor condensate in a time-dependent magnetic field. Optimizing the change of the value of the magnetic field we are able to follow the resonance despite of the atomic losses due to dipolar interaction. Therefore, the significant number of atoms is transferred from the initial to the final Zeeman state. Since the atoms are tightly confined the value of the resonant magnetic field can be pushed in the range of tens of milligauss. We propose an experiment in which the Einstein-de Haas effect as a spectacular demonstration of dipolar interaction in alkali-metal-atoms condensates could be observed. elements, on the other hand, are responsible for collisions changing the atomic spin projections but conserving the projection of the total spin. They are equal
The terms with coefficients c 0 and c 2 can be expressed with the help of scattering lengths a 0 and a 2 , where c 0 = 4π 2 (a 0 + a 2 )/3m and c 2 = 4π 2 (a 2 − a 0 )/3m [22] . The scattering lengths a 0 and a 2 determine the collisions of atoms in a channel of the total spin 0 and 2, respectively. According to [23] the a 0 = 5.387nm and a 2 = 5.313nm. The F are spin-1 matrices (Eq. A4): 
The dipolar interactions H d in Eq. (1) is as follows: 
